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In 4-dimensional General Relativity, black holes are described by the Kerr solution and are subject to 
the bound |a∗| 1, where a∗ is the black hole spin parameter. If current black hole candidates are not
the black holes predicted in General Relativity, this bound does not hold and a∗ might exceed 1. In this
Letter, I relax the Kerr black hole hypothesis and I ﬁnd that the value of the spin parameter of the super-
massive black hole candidates in galactic nuclei cannot be higher than about 1.2. A higher spin parameter 
would not be consistent with a radiative eﬃciency η > 0.15, as observed at least for the most luminous 
AGN. While a rigorous proof is lacking, I conjecture that the bound |a∗| 1.2 is independent of the exact
nature of these objects. 
© 2011 Elsevier B.V. Open access under CC BY license.1. Introduction
Nowadays there is robust observational evidence of the exis-
tence of 5–20 M dark bodies in X-ray binary systems and of
105–109 M dark bodies in galactic nuclei [1]. While the estimate
of the masses of these objects is reliable, as based on dynamical 
measurements, we do not know very much about their true nature. 
The conjecture is that they are the black holes (BHs) predicted in 
General Relativity. The stellar-mass objects in X-ray binary systems 
are too heavy to be neutron or quark stars for any reasonable mat-
ter equation of state [2]. At least some of the super-massive objects 
in galactic nuclei are too massive, compact, and old to be clusters 
of non-luminous bodies, as the cluster lifetime due to evaporation 
and physical collision would be shorter than the age of these sys-
tems [3]. However, constraints on the geometry of the space–time 
around these objects are weak [4]. For the time being, we have to 
fully rely on the validity of General Relativity, which is tested only 
in the weak ﬁeld limit (Solar System and binary pulsars), where 
gtt ≈ −(1 + 2φ) and |φ| 10−6 [5].
In 4-dimensional General Relativity, BHs are described by the 
Kerr solution and are completely speciﬁed by two parameters: the 
mass M and the spin angular momentum J [6]. A fundamental 
limit for a BH in General Relativity is the Kerr bound |a∗|  1,
where a∗ = J/M2 is the spin parameter. This is just the condi-
tion for the existence of the event horizon: for |a∗| > 1 the event
horizon disappears and the central singularity becomes naked, vio-
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doi:10.1016/j.physletb.2011.10.005lating the weak cosmic censorship conjecture [7]. Despite the pos-
sibility of forming naked singularities from regular initial data [8], 
the existence of a Kerr naked singularity can be excluded at least 
for the following reasons: it is apparently impossible to make a 
star collapse with |a∗| > 1 [9] or overspin an already existing BH
up to |a∗| > 1 [10] and, even if created, a Kerr naked singularity
would be highly unstable [11].
On the other hand, if the current BH candidates are not the 
BHs predicted in General Relativity, the Kerr bound does not hold 
and the maximum value for a∗ may be either larger or smaller
than 1, depending on the actual nature of these objects [12,13]. 
Generally speaking, bodies with spin parameter larger than 1 are 
not necessarily monsters: for non-compact objects, a∗ can eas-
ily exceed 1. For example, the Earth has a∗ ∼ 103. In the case of
compact objects, a high a∗ is more diﬃcult and, for instance, the
maximum value of the spin parameter of a neutron star is thought 
to be about 0.6, because otherwise the object becomes unstable 
and spins down by emitting gravitational radiation [14]. As shown 
in [15], if the geometry around a compact object deviates from the 
Kerr metric, the accretion process can naturally spin the object up 
to |a∗| > 1.
On the basis of these considerations, it is interesting to ﬁgure 
out if current observations can provide some constraint on the 
maximum value of the spin of the BH candidates, even if we do 
not know their nature.
2. Non-Kerr compact objects
At ﬁrst approximation, a non-Kerr compact object can be de-
scribed by three parameters: in addition to the mass and the spin
6 C. Bambi / Physics Letters B 705 (2011) 5–8angular momentum, we can introduce a “deformation parameter”,
say  , which measures the deviations from the Kerr geometry. It is
convenient that for  = 0 we recover exactly the Kerr solution. In
the literature there are a few proposals that can do the job [16].
Here I use the metric recently suggested in [17], because it has the
advantage that a∗ and  can assume any value. In Boyer–Lindquist
coordinates, the metric reads
gtt = −
(
1− 2Mr
Σ
)
(1+ h),
gtφ = −2aMr sin
2 θ
Σ
(1+ h),
grr = Σ(1+ h)
 + a2h sin2 θ ,
gθθ = Σ,
gφφ =
(
r2 + a2 + 2a
2Mr sin2 θ
Σ
)
sin2 θ
+ a
2(Σ + 2Mr) sin4 θ
Σ
h, (1)
where a = a∗M and
Σ = r2 + a2 cos2 θ,
 = r2 − 2Mr + a2,
h = M
3r
Σ2
. (2)
The compact object is more prolate (oblate) than a Kerr BH for
 > 0 ( < 0); when  = 0, we recover the Kerr solution.
3. Radiative eﬃciency
The luminosity of a compact object due to the accretion pro-
cess is simply Lacc = ηM˙ , where η is the radiative eﬃciency and M˙
is the mass accretion rate. The value of η depends on the details
of the accretion process. For instance, in the case of Bondi accre-
tion onto a Schwarzschild BH, the gas cannot radiate eﬃciently
the energy gained by falling into the BH gravitational potential
and η ∼ 10−4 [18]. The highest value of the radiative eﬃciency
is reached when a BH is surrounded by a geometrically thin and
optically thick accretion disk. The gas’s particles inspiral into the
central object by losing energy and angular momentum. When
they reach the inner edge of the disk, which can be supposed to
be at the innermost stable circular orbit (ISCO), they plunge into
the BH. If the gas does not emit additional radiation during the
plunging and no radiation is emitted from the surface of the com-
pact object (as it is observed in the case of BH candidates [19]),
the radiative eﬃciency is
η = 1− E ISCO, (3)
where E ISCO is the speciﬁc energy of a particle at the ISCO. In the
Kerr background, η = 0.057 for a non-rotating BH, η = 0.32 for a
BH rotating at the Thorne’s limit (i.e. a∗ = 0.998) [20], and η =
0.42 for an extreme BH (i.e. a∗ = 1).
For a generic axially symmetric and stationary background,
Eq. (3) can be computed as follows. One assumes that the disk
is on the equatorial plane and that the gas moves on nearly
geodesic circular orbits. In cylindrical coordinates, the equations
of the geodesic motion of a particle around the compact object are
t˙ = Egφφ + Lgtφ
g2 − gtt gφφ
, (4)
tφφ˙ = Egtφ + Lgtt
g2tφ − gtt gφφ
, (5)
grr r˙
2 + gzz z˙2 = Veff(E, L, r, z), (6)
where E and L are respectively the conserved speciﬁc energy and
the conserved speciﬁc z-component of the angular momentum,
while Veff is the effective potential
Veff = E
2gφφ + 2ELgtφ + L2gtt
g2tφ − gtt gφφ
− 1. (7)
Circular orbits on the equatorial plane are located at the zeros
and the turning points of the effective potential: r˙ = z˙ = 0 implies
Veff = 0, and r¨ = z¨ = 0 requires ∂r Veff = ∂zVeff = 0. From these
conditions, we can get E and L:
E = − gtt + gtφΩ√
−gtt − 2gtφΩ − gφφΩ2
, (8)
L = gtφ + gφφΩ√
−gtt − 2gtφΩ − gφφΩ2
, (9)
where
Ω =
−∂r gtφ ±
√
(∂r gtφ)2 − (∂r gtt)(∂r gφφ)
∂r gφφ
(10)
is the orbital angular velocity and the sign + (−) is for corotating
(counterrotating) orbits. The orbits are stable under small pertur-
bation if ∂2r Veff  0 and ∂2z Veff  0. One can thus ﬁnd numerically
the ISCO radius and get the speciﬁc energy E ISCO and the maxi-
mum eﬃciency parameter η = 1− E ISCO for any value of a∗ and  .
Fig. 1 shows some contours of the radiative eﬃciency for an
object with spin parameter a∗ and deformation parameter  for
the metric (1). The radiative eﬃciency is η = 0.15 (red solid curve),
η = 0.20 (green dashed curve), and η = 0.25 (blue dotted curve).
4. Evolution of the spin parameter
The value of the spin parameter of a compact object is deter-
mined by the competition of three physical processes: the event
creating the object, mergers, and gas accretion. For the super-
massive objects in galactic nuclei, independently of their nature,
the initial value of the spin parameter is completely irrelevant:
their mass has increased by several orders of magnitude from its
original value, and the spin parameter has evolved accordingly. On
average, the capture of small bodies (minor merger) in randomly
oriented orbits spins any compact object down, since the mag-
nitude of the orbital angular momentum for corotating orbits is
always smaller than the one for counterrotating orbits [21]. The
case of coalescence of two compact objects with comparable mass
(major merger) can be rigorously computed only if we know the
exact nature of these objects and the theory of gravity, as the back-
ground is not ﬁxed and the emission of gravitational waves may
be important. In General Relativity, the product of the merger of
two neutron stars is a black hole with a∗ ≈ 0.78, depending only
weakly on the total mass and mass ratio of the system [22]. In the
case of random merger of two black holes, the most probable ﬁnal
product is a black hole with a∗ ≈ 0.70, while fast-rotating object
with a∗ > 0.9 should be rare [23].
Accretion from a disk can potentially be a very eﬃcient way to
spin a compact object up [23]. If the inner edge of the disk is at the
ISCO radius, the gas’s particles plunge into the compact object with
speciﬁc energy E ISCO and speciﬁc angular momentum LISCO. The
mass M and the spin angular momentum J of the compact object
C. Bambi / Physics Letters B 705 (2011) 5–8 7Fig. 1. Compact objects with spin parameter a∗ and deformation parameter  . The radiative eﬃciency is η = 0.15 (red solid curve), η = 0.20 (green dashed curve), and
η = 0.25 (blue dotted curve). The black solid curve is the equilibrium spin parameter aeq∗ obtained from Eq. (11). The right panel is an enlargement of the parameter region
1.0< a∗ < 1.3 and −2.0<  < 0.0. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this Letter.)change respectively by δM = E ISCOδm and δ J = LISCOδm, where δm
is the gas rest-mass. The evolution of the spin parameter is gov-
erned by the following equation [24]
da∗
d lnM
= 1
M
LISCO
E ISCO
− 2a∗, (11)
neglecting the small effect of the radiation emitted by the disk and
captured by the object. If accretion proceeds via short episodes
(chaotic accretion) [25], the net effect is not different from mi-
nor mergers in randomly oriented orbits and the compact object is
spun down. On the contrary, prolonged disk accretion is a very eﬃ-
cient mechanism to spin the compact object up, till an equilibrium
spin parameter aeq∗ , which is reached when the right-hand side of
Eq. (11) becomes zero. For instance, an initially non-rotating Kerr
BH reaches the equilibrium aeq∗ = 1 after having increased its mass
by a factor
√
6 ≈ 2.4 [24].
We can thus say that the most optimistic scenario to produce
fast-rotating super-massive objects at the center of galaxies is via
prolonged disk accretion and that the maximum value for the spin
parameter of these objects cannot exceed aeq∗ . The numerical value
of aeq∗ depends on the metric of the space–time. The black solid
curve in Fig. 1 shows the equilibrium spin parameter for the met-
ric (1). Objects on the left of the black solid curve have a∗ < aeq∗
and the accretion process spins them up; objects on the right have
a∗ > aeq∗ and the accretion process spins them down. As already
noted in Ref. [15], objects more oblate than a BH (for the met-
ric (1) when  < 0) have aeq∗ > 1.
5. Observational constraints
In general, it is not easy to get an estimate of η, as the mea-
surement of the mass accretion rate M˙ is typically quite problem-
atic. The mean radiative eﬃciency of AGN can be inferred from
the Soltan’s argument [26], which relates the mass density of the
super-massive BH candidates in the contemporary Universe with
the energy density of the radiation produced in the whole history
of the Universe by the accretion process onto these objects. There
are several sources of uncertainty in the ﬁnal result, but a mean
radiative eﬃciency η > 0.15 seems to be a conservative lower
limit [27]. The authors of Ref. [28] ﬁnd a mean radiative eﬃciency
η ≈ 0.30–0.35 without some important assumptions necessary in
the original version of the Soltan’s argument. In Ref. [29], the au-
thors show how to estimate η for individual AGN and ﬁnd that the
more massive objects have typically higher η, up to ∼ 0.3–0.4.
Here, it is not important the mean radiative eﬃciency of these
objects. It is suﬃcient to say that at least some of them musthave η > 0.15. In other words, the space–time around the super-
massive BH candidates allows for a speciﬁc energy at the ISCO
radius smaller than 0.85. This fact is non-trivial, as it says that
the ISCO radius can be quite close to the object (= gravity can-
not be too strong). On the other hand, very high spin parameters
could be possible only in stronger gravitational ﬁelds, in which the
ISCO radius is larger and LISCO/E ISCO is larger too. So, if we use the
metric (1) to describe the geometry of the space–time around the
super-massive BH candidates in galactic nuclei, we ﬁnd that the
spin parameter of these objects cannot exceed 1.19, see Fig. 1. The
maximum value for |a∗| becomes 1.10 if we require η > 0.20, and
1.04 for η > 0.25.
6. Comments
To show that the result |a∗| 1.2 seems to be robust, it is nec-
essary to address at least two points, concerning respectively its
dependence on the choice of the metric (1) and the validity of
Eqs. (3) and (11).
The bound |a∗|  1.2 seems to depend only marginally on the
choice of the metric. For instance, we get quite similar constraints
if we consider the Manko–Mielke–Sanabria Gomez (MMS) metric,
which is an exact solution of the Einstein’s vacuum equation (the
metric (1) is not) and does not describe a BH (while the met-
ric (1) does); see the second paper in [15]. In addition to the
mass and the spin parameter, the MMS solution has a deforma-
tion parameter b. When |a∗|  1, the Kerr metric is recovered for
b = ±M√a2∗ − 1; around b = M√a2∗ − 1 there are objects more
oblate than Kerr BHs, around b = −M√a2∗ − 1 the objects are more
prolate than Kerr BHs. The constraints on the maximum value
for the spin parameter are shown in Fig. 2 – here I show only
the parameter space b > 0 because for more prolate objects we
ﬁnd lower values. The bounds turn out to be 1.18 if we require
η > 0.15, 1.09 for η > 0.20, and 1.04 for η > 0.25. Despite the dif-
ferent nature of the two metrics, it is remarkable that we get very
similar constraints. The point is that the constraint on the maxi-
mum value for the spin parameter is not very sensitive to the exact
space–time geometry, but it depends on how much the compact
object is more or less oblate.
The result relies also on the validity of Eqs. (3) and (11). As
discussed in Ref. [30], in backgrounds deviating from the Kerr ge-
ometry, the gas may not plunge from the ISCO into the central
object; if this is the case, the gas must form a thick disk inside the
ISCO radius and lose additional energy and angular momentum.
That increases the radiative eﬃciency at most by a few percent
with respect to the value calculated from Eq. (3). It also slightly
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scribed by the Manko–Mielke–Sanabria Gomez (MMS) solution. The radiative eﬃ-
ciency is η = 0.15 (red solid curve), η = 0.20 (green dashed curve), and η = 0.25
(blue dotted curve). The black solid curve is the equilibrium spin parameter aeq∗ ob-
tained from Eq. (11). For b = M√a2∗ − 1 (orange dashed–dotted curve), we recover
the Kerr solution, which is in the region a∗ > aeq∗ . (For interpretation of the refer-
ences to color in this ﬁgure legend, the reader is referred to the web version of this
Letter.)
decreases the equilibrium parameter aeq∗ , as the gas plunges from
a radius inside the ISCO. However, for the metric (1) and  < 0
such a possibility never happens: accretion proceeds as in the Kerr
space–time and the result |a∗| 1.2 is not affected.
Lastly, let us consider the possibility that the initial value of
the spin parameter of the object is ain∗ > a
eq∗ . In this case, the ac-
cretion process would spin the object down, approaching aeq∗ from
the right of the black solid line in Fig. 1, but the bound |a∗| 1.2
can still be applied. The initial value of the spin parameter of
the super-massive objects in galactic nuclei is presumably negli-
gible: their mass has increased by several orders of magnitude
from its original value and a∗ has evolved according to Eq. (11).
If ain∗ were of order 1, a
eq∗ was reached soon, after the object in-
creased its mass by a factor of order 1. The possibility that this
gravity theory can make a star collapse with |a∗|  1 and that
the super-massive black hole candidates have still a spin parameter
signiﬁcantly larger than aeq∗ seems to be very unlikely, at least for
two reasons. The accretion process onto an object with |a∗|  1 is
strongly suppressed and the object could have not become super-
massive [13]. This behavior does not depend on the exact metric
of the space–time, because the effect of the spin would be impor-
tant relatively far from the object, where deviations from the Kerr
geometry are more suppressed. The second reason is that com-
pact objects with spin parameter |a∗|  1 are usually unstable.
For instance, Ref. [11] shows that the Kerr metric with |a∗| > 1
is unstable because of the existence of stable photon orbits with
negative energy and that this conclusion does not depend on the
exact gravity theory.
7. Conclusions
In 4-dimensional General Relativity, BHs are subject to the
bound |a∗| 1, where a∗ = J/M2 is the spin parameter. If the cur-
rent BH candidates are not the BH predicted in General Relativity,
this bound does not hold and a∗ might exceed 1. In this Letter,
I have relaxed the common assumption that the super-massive ob-
jects at the center of every normal galaxy are Kerr BHs and I have
found that current observations can constrain the maximum value
of the spin parameter of these object at the level of |a∗|  1.2.
While I cannot provided a rigorous proof, my conjecture is that this
bound holds whatever the nature of these objects is. The origin
of this bound can be heuristically understood as follows. A higher
spin parameter would require a larger ISCO radius: both LISCO andE ISCO decrease as the ISCO radius decreases, but LISCO decreases
faster. However, a larger ISCO radius implies a lower maximum ra-
diative eﬃciency ηmax = 1 − E ISCO, while we know that at least
some of the super-massive objects in galactic nuclei must have
η > 0.15. From the latter, we get |a∗| 1.2.
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